Abstract. In the present paper, we study certain differential inequalities involving p-valent functions and obtain sufficient conditions for uniformly p-valent starlikeness and uniformly p-valent convexity. We also offer a correct version of some known criteria for uniformly p-valent starlike and uniformly p-valent convex functions.
Introduction
Let A p denote the class of functions of the form
which are analytic and p-valent in the open unit disk E = {z ∈ C : |z| < 1}. A function f ∈ A p is said to be uniformly p-valent starlike in E if
We denote by U S * p , the class of uniformly p-valent starlike functions. A function f ∈ A p is said to be uniformly p-valent convex in E if
Let UC p denote the class of uniformly p-valent convex functions. A function f ∈ A p is said to be uniformly p-valent close-to-convex in E if 
Hence, a function f ∈ A p is uniformly p-valent close-to-convex in E if it satisfies the condition (1.3). In 1991, Goodman [2] introduced the concept of uniformly starlike and uniformly convex functions. He defined uniformly starlike and uniformly convex functions as functions f ∈ A with the geometric property that the image of every circular arc contained in E, with center ζ ∈ E, is starlike with respect to f (ζ ) and convex respectively.
In 1993 Ronning [4] studied the class of uniformly convex functions and obtained an interesting criterion for f ∈ A to be uniformly convex in E. He proved that a function f ∈ A is uniformly convex if and only if
For analytic function f and analytic univalent function g in E, we say that f is subordinate to g in E and write as f ≺ g if f (0) = g(0) and f (E) ⊂ g(E).
Let Φ : C 2 × E → C be an analytic function, p an analytic function in E with (p(z), zp ′ (z); z) ∈ C 2 × E for all z ∈ E and h be univalent in E. Then the function p is said to satisfy first order differential subordination if
A univalent function q is called a dominant of the differential subordination (1.4) if p(0) = q(0) and p ≺ q for all p satisfying (1.4). A dominantq that satisfiesq ≺ q for all dominants q of (1.4) is said to be the best dominant of (1.4). Define the parabolic domain Ω and the circular domain O as follows:
Obviously O ⊂ Ω. In 2008, Al-Kharsani and Al-Hajiry [1] proved the following results for uniformly p-valent starlikeness and convexity.
Theorem 1.1. Let f ∈ A p satisfy the following inequality
then f is uniformly p-valent starlike in E.
Theorem 1.2.
If f ∈ A p satisfies the following inequality
then f is uniformly p-valent convex in E.
We notice that the problem of normalization in inequality (1.5) and (1.6) occurs at z = 0. For
Thus the left hand side of the inequality (1.5) takes indeterminate value i.e. 0/0 and that of the inequality (1.6) takes value infinity at z = 0. Hence it creates a problem for normalization in the open unit disk E. Noticing the above problem in case of results of Al-Kharsani and Al-Hajiry [1] , we establish here certain criteria for uniformly p-valent starlikeness and uniformly p-valent convexity of the members of the class A p which also present a correct version of above results. To prove our results, we shall use Jack's lemma stated below.
Lemma 1.1. [3] Suppose w is a nonconstant analytic function in E with w(0) = 0. If |w(z)| attains its maximum value at a point z 0 ∈ E on the circle |z| = r < 1, then
where m ≥ 1, is some real number.
Main Results
Theorem 2.1. Let f ∈ A p satisfy the differential inequality
where w is analytic in E with w(0) = 0. Now we will show that
If |w(z)| ≮ 1, by Lemma 1.1, there exists z 0 , |z 0 | < 1 such that |w(z 0 )| = 1 and z 0 w ′ (z 0 ) = kw(z 0 )
where k ≥ 1. When we put
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, which is a contradiction to (2.1). Therefore, we must have
and so we have
in the parabolic domain Ω for all z in E and hence
which completes the proof.
Theorem 2.2. If f ∈ A p satisfies the differential inequality
, z ∈ E, (2.2) then f ∈ UC p .
Proof. Let us write
where w is analytic in E with w(0) = 0. To show that |w(z)| < 1, z ∈ E.
We suppose that |w(z)| ≮ 1, therefore in view of Lemma 1.1, there exists z 0 , |z 0 | < 1 such that |w(z 0 )| = 1 and z 0 w ′ (z 0 ) = kw(z 0 )
